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Abstract
Influence of electrons interaction with longitudinal acoustic phonons on mag-
netoeletric and spin-related transport effects are investigated. The consid-
ered system is a two dimensional electron gas system with both Rashba and
Dresselhaus spin-orbit couplings. The works which have previously been per-
formed in this field, have revealed that the Rashba and Dresselhaus couplings
cannot be responsible for spin-current in the non-equilibrium regime. In the
current Letter, a semi-classical method was employed using the Boltzmann
approach and it was shown that the spin-current of the system, in general,
does not go all the way to zero when the electron-phonon coupling is taken
into account. It was also shown that spin accumulation of the system could
be influenced by electron-phonon coupling.
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1. Introduction
Spintronics has attracted more and more attention, from both theoretical
and experimental sides, during the last several years. Effective control of spin
polarized transport is very important, especially for practical applications;
for example, in multilayers. Therefore, many studies have been conducted to
explain this phenomenon [1, 2].
According to the results of these studies, manipulation of spin, can be realized
by applying magnetic fields or Rashba interaction. The Rashba interaction
arises from inversion asymmetry in the system and can be effectively con-
trolled by applying a gate voltage [3, 4, 5]. Due to the tunable nature of
Rashba coupling, it is the most popular method for manipulation of electron
spin. This kind of spin-orbit interaction (SOI) plays a central role in Datta
and Das spin field-effect transistor (SFET) [6]. Generally, SOI has a signifi-
cant role in magnetoresistance effects, known as weak localization [7]. In the
field of spin-transport, many interesting features have been demonstrated for
this type of spin-orbit coupling (SOC) [8, 9, 10]. For example, it has been ver-
ified that spin-orbit scattering can induce localization/antilocalization tran-
sition in a two-dimensional electron gas (2DEG) system [11, 12]. Meanwhile,
Rashba interaction has been also suggested for spin interference devices and
spin-filters [13, 14, 15].
Another spin-orbit coupling that provides a new parameter which should be
considered in designing spin-dependent devices, is the Dresselhaus coupling.
Dresselhaus coupling is induced by the bulk inversion asymmetry [16]. Effects
of spin-orbit couplings (SOCs) in semiconductors have attracted growing in-
terest due to their roles in semiconductor spintronics.
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Manipulation of spin makes new functionality in electronic devices. Con-
trol of spin accumulation by spin-orbit interactions has a great potential in
the field of spintronics [17, 18, 19, 20]. In the presence of these two differ-
ent spin-orbit interactions, i.e. the Rashba and Dresselhaus couplings, in a
two dimensional electron gas system, one can effectively control both mag-
nitude and direction of non-equilibrium spin accumulation[19]. Meanwhile,
spin-current vanishes exactly in the non-equilibrium regime induced by an
in-plane driving electric field [19]. This implies that there is no spin-polarized
current accompanied by the spin accumulation of the system [19].
Rashba obtained non-vanishing spin-current in equilibrium state. There-
fore, this spin-current can not describe any real transport of spins in non-
equilibrium regime induced by an in-plane driving electric field [21]. For a
non-equilibrium system, a highly anisotropic spin response to an in-plane
electric field has been discovered [22]. However, as mentioned before, based
on the semiclassical approach, Huang and Hu showed that the non-equilibrium
spin current vanishes exactly in two-dimensional electron gases, in the pres-
ence of both Rashba and Dresselhaus couplings. Meanwhile non-equilibrium
spin accumulation can be obtained in this case [19]. In addition, Inoue et
al. obtained similar results based on the Green’s function approach for two-
dimensional electron gases [23].
It should be noted that the work described by Huang and Hu [19], has been
based on a semi-classical approach developed by Schliemann and Loss [24].
They formulated the anisotropic effects of energy dispersion relation and
scattering matrixes in the presence of spin-orbit couplings. Meanwhile, the
exact solution to the Boltzmann equation for two-dimensional anisotropic
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systems was provided by Vy´borny´ et al. [25], in which it was shown that, for
a Rashba type two-band model, discrepancy between exact and approximate
Schliemann and Loss approach, remains only at the level of higher order cor-
rections [25]. Therefore, the Schliemann and Loss approach was applied so
that the results of the current letter could be compared with the results of
Huang and Hu [19] in the same theoretical framework. It can be easily shown
that, in the presence of both spin-orbit couplings i.e. Rashba and Dressel-
haus interactions, Schliemann and Loss method is still a good approximation
in comparison with the exact Vy´borny´ approach, which could be due to the
fact that anisotropic term of the energy dispersion relation (which was in-
duced by Dresselhaus coupling) is negligible and the anisotropic effects can
be entered only through the scattering matrixes.
The polaronic properties have been studied theoretically in the presence
of the Rashba and Dresselhaus spin-orbit interactions and weak electron-
phonon coupling in a pioneering work [26]. It was demonstrated that in
the presence of both spin-orbit couplings, self-energy correction of the elec-
tron energy and polaron effective mass show an angular anisotropy [26]. In
this letter, based on the mentioned semiclassical approach, influence of the
electron-phonon scattering has been considered on spin-transport quanti-
ties in a two-dimensional electron gas when the spin-orbit interactions are
present. It was verified that the electron-phonon scattering results in non-
vanishing spin-current that could be controlled by spin-orbit interactions. It
has also been found that the spin-current is influenced by the electron-phonon
coupling. The details of the numerical results have briefly been addressed in
the present letter.
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2. Model and approach
The total Hamiltonian is given by
Hˆ = Hˆ0 + Vˆim + Hˆel−ph, (1)
in which, Hˆ0 is the kinetic energy and spin-orbit interactions (including both
Rashba and Dresselhaus spin-orbit couplings), for a 2DEG namely
Hˆ0 =
~
2k2
2m
+ α(σˆxky − σˆykx) + β(σˆxkx − σˆyky), (2)
where k is the wave vector of conduction electrons, σi(i = x, y) are Pauli
matrices, α and β denote the strengths of the Rashba and Dresselhaus inter-
action, respectively.
For a given wave vector k,
| kλ >= 1√
2

 eiφk2
λe−i
φk
2

 , (3)
are the eigenfunctions of Hˆ0 where λ = ±1 and φk defined as
tanφk =
αkx + βky
αky + βkx
. (4)
The corresponding eigenvalues of Hˆ0 are
ǫkλ =
~
2k2
2m
+ λ
√
(α2 + β2)k2 + 4αβkxky. (5)
The expectation value of spin of electrons along the x and y directions in a
given state | kλ > can easily be found as follows
S
(0)
λ,x(k) =
~
2
λ cos(φk), S
(0)
λ,y(k) =
−~
2
λ sin(φk). (6)
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The second term of Hamiltonian, Vim(r) is potential of impurities given as
Vim(r) =
∑
i
(Jσˆ.~m(r))δ(r− ri), (7)
where the sum is performed over all of the randomly distributed impurities, J
is the exchange interaction strength of magnetic impurities with conduction
electrons and mˆ(r) is the unit vector along the local magnetization.
< k′λ′nq´ | Vim(r) | kλnq >= Ck′,kδn´q,nq

 +Jz Jx − iJy
Jx + iJy −Jz

 . (8)
In which
Jz = mzJ, Jy = myJ, Jx = mxJ, (9)
and
Ck′,k = (1/
√
LxLy)
∑
j
exp(i(~k′ − ~k).~rj). (10)
For long range magnetic interactions, because of the shape anisotropy, we
take mz = 0 and for randomly oriented magnetic moments of impurities, one
can assume
< mx >=< my >= 0, < m
2
x >=< m
2
y >=
1
2
. (11)
Since it was assumed that the magnetic moments of the impurities have been
randomly oriented, therefore they can not be responsible for spin-polarized
effects and spin current.
The last term of the Hamiltonian, Hˆel−ph is electron-phonon interaction and
can be expressed as [27],
Hˆel−ph = Dac∇.~u(r), (12)
6
here, Dac is defined as deformation potential for electron scattering by acous-
tic phonons and ~u(r) is a small displacement vector of an ion from its equi-
librium position, ~R.
For a two-dimensional system, the displacement is determined as
~u(r) =
∑
q
√
~
2MNωq
eˆq[aqe
i~q.~r + a†qe
−i~q.~r], (13)
where, M and N are mass and number of the ions, respectively. eˆq is a
unit vector in displacement direction and ωq = Vsq in which Vs is the sound
velocity and q is wave vector of phonon.
Using from eq. (13), the electron-phonon interaction can be written as
Hˆel−ph = Dac
∑
q
√
~
2MNWq
(ieˆq.~q)[aqe
i~q.~r − a†qe−i~q.~r]. (14)
by defining
c(q) = Dac
√
~
2MNWq
(ieˆq.~q), (15)
we obtain the following result, directly
Hˆel−ph =
∑
q
[c(q)aqe
i~q.~r + c∗(q)a†qe
−i~q.~r]. (16)
The eigenstate of the phonon Hamiltonian in harmonic approximation is
defined by |nq >, where nq is the phonon occupation number, so we can
define a new basis as follows, | kλnq >=| kλ > ⊗ | nq >. Scattering matrix
of electron-phonon interaction is given as follows
< k′λ′n′q | Hˆel−ph | kλnq > =


δn′q ,nq−1δλ′λc(q)
√
nq, if k
′ = k+ q,
δn′q ,nq+1δλ′λc
∗(q)
√
nq + 1, if k
′ = k− q.
(17)
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As mentioned, in the current letter we have employed the procedure which
have been used in [19]. The two last terms of the Hamiltonian are responsible
for both spin-dependent and spin-independent relaxation mechanisms. If we
rename these two terms as
V = Vˆim + Hˆel−ph (18)
The Lippman- Schwinger scattering state of a conduction electron reads,
| kλnq >scat = | kλnq > +
∑
k′q′λ′
Vk′λ′n′q,kλnq
ǫkλ − ǫk′λ′ + iη | k
′q′λ′ >, (19)
where η is a small positive quantity. Then the spin expectation value in a
given scattering state is
Sλ,i(k) = S
(0)
λ,i (k) + ~
∑
k′q′λ′
Re[
Vk′λ′n´q ,kλnq < σi >k′λ′n´q,kλnq
ǫkλ − ǫk′λ′ + iη ]. (20)
Here we have defined Sλ,i(k) =< kλnq | Sˆi | kλnq >scat. Therefore one can
obtain spin expectation value as seen in eq. (21).
Sλ,i(k) = S
(0)
λ,i (k) + ~
∑
k′q′λ′
Re[Vk′λ′n´q,kλnq < σˆi >k′λ′n´q,kλnq Pr
1
ǫkλ − ǫk′λ′
−Vk′λ′n´q,kλnq < σi >k′λ′n´q,kλnq iπδ(ǫkλ − ǫk′λ′)]. (21)
Here < σi >k′λ′,kλ is the expectation value of the Pauli Matrix for a Lippman-
Schwinger scattering state. Then, net spin density can be giving by
< Si >=
∑
k,qλ
Sλ,i(k)fλ(k,q), (22)
in which fλ(k,q) is non-equilibrium distribution function of conduction elec-
trons. Where in the absence of external electric field, this can be reduced to
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the equilibrium Fermi-Dirac distribution,
fλ(k,q) = f0(ǫkλ) =
1
1 + e
(ǫkλ−ǫF )
kBT
. (23)
We have used the Debye model, so the summation over q is easily calcu-
lated by replacing it with an integral. This integral can be considered to be
evaluated in an interval starting from q = 0 to the Debye wave vector, qD.
This wave vector is directly related to the free-electron Fermi wave vector.
In two-dimensional metals, qD =
√
2
z
kF , where kF is the free-electron Fermi
wave vector, and z is the nominal valence [28].
In the presence of scatterings, the non-equilibrium distribution function will
be derived by solving the Boltzmann equation (in steady state for a homo-
geneous system),
k˙.
∂fλ
∂k
= (
∂fλ
∂t
)coll, (24)
where k˙ = −eE
~
and (∂fλ
∂t
)coll is called the collision integral, that in elastic
scattering approximation reads [29]
(
∂fλ
∂t
)coll = −
∑
k′q′λ′
Wk′λ′nq´,kλnqfλ(k, q)(1− fλ′(k′, q′))δ(ǫkλ − ǫk′λ′)
+
∑
k′q′λ′
Wk′λ′nq´,kλnqfλ′(k
′, q′)(1− fλ(k, q))δ(ǫkλ − ǫk′λ′).(25)
In this equation, Wk′λ′nq´,kλnq are the transition probabilities that are given
by the Fermi’s golden rule, Wk′λ′nq´,kλnq =
2π
~
|Vk′λ′nq´,kλnq |2.
Since δn′q,nq selects only the diagonal elements of |Vk′λ′nq´,kλnq |2 while δn′q ,nq−1δk′,k+q
and δn′q,nq+1δk′,k−q select some of the non-diagonal elements of |Vk′λ′nq´,kλnq |2,
therefore one can easily obtain
|Vk′λ′nq´,kλnq |2 = | < k′λ′n′q | Hˆel−ph | kλnq > |2 + | < k′λ′n′q | Vim | kλnq > |2,(26)
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and accordingly
Wk′λ′nq´,kλnq = W
(1)
k′λ′nq´,kλnq
+W
(2)
k′λ′nq´,kλnq
+W
(3)
k′λ′nq´,kλnq
, (27)
Where W
(1)
k′λ′nq´,kλnq
comes from the impurity potential,
W
(1)
k′λ′nq´,kλnq
=

 0 J2
J2 0

niδn′q ,nq . (28)
In which we have used the following approximation, (1/LxLy)
∑
j
∑
j′ exp(i(
~k′−
~k).(~rj−~rj′)) = ni, where ni is impurity density, Lx, Ly are system dimensions
and it should be noted that the summations have been performed over the
random position of impurities.
Meanwhile W
(2)
k′λ′nq´,kλnq
and W
(3)
k′λ′nq´,kλnq
are representing the electron-phonon
interaction, where W
(2)
k′λ′nq´,kλnq
presents phonon absorption contribution,
W
(2)
k′λ′nq´,kλnq
= δn′q,nq−1δk′,k+qδλ′,λ

 cq√nq 0
0 cq
√
nq

 , (29)
and W
(3)
k′λ′nq´,kλnq
should be considered for the case of emission,
W
(3)
k′λ′nq´,kλnq
= δn′q ,nq+1δk′,k−qδλ′,λ

 c∗q√nq + 1 0
0 c∗q
√
nq + 1

 . (30)
The energy dispersion of conduction electrons becomes anisotropic in the
presence of the spin-orbit interactions. This anisotropy manifests itself in
the scattering process and one can choose an anisotropic solution to the
Boltzmann equation as follows [19, 24],
δfλ(k,q) = e
∂f0(ǫkλ)
∂ǫkλ
[akqλ(E. vkλ) + bkqλ(E× eˆz).vkλ]. (31)
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vkλ =
1
~
∇kǫkλ, (32)
where vkλ is velocity of conduction electrons, δfλ = fλ−f0, eˆz is a unit vector
perpendicular to the two-dimensional plane, akqλ and bkqλ are two unknown
coefficients that can be determined self-consistently by using eq. (24) and
eq. (31) in which bkqλ(E × eˆz).vkλ arises due to the anisotropic nature of
the system. Then one can find that the unknown coefficients akqλ and bkqλ
should satisfy following equations [19]
akqλ
τ
(1)
kqλ
+
bkqλ
τ
(2)
kqλ
= 1, (33)
akqλ
τ
(2)
kqλ
− bkqλ
τ
(1)
kqλ
= 0, (34)
From Eqs. (33) and (34), one can easily obtain
akqλ =
τ
(1)
kqλ
1 + [
τ
(1)
kqλ
τ
(2)
kqλ
]2
, bkqλ =
τ
(2)
kqλ
1 + [
τ
(2)
kλ
τ
(1)
kqλ
]2
, (35)
in which τ
(1)
kqλ and τ
(2)
kqλ are two relaxation times, defined by
1
τ
(1)
kqλ
=
∑
k′q′,λ′
Wk′λ′nq´,kλnq{1−
|vk′λ′|
|vk′λ′| cos[θ(vkλ ∧ vk
′λ′)]}, (36)
1
τ
(2)
kqλ
=
∑
k′q′,λ′
Wk′λ′nq´,kλnq
|vk′λ′ |
|vk′λ′ | sin[θ(vkλ ∧ vk
′λ′)], (37)
where θ(vkλ ∧ vk′λ′) is the angle between vkλ and vk′λ′ .
The spin current operator is defined as [21]
Jˆ ix =
~
2
{σi, vˆx}, (38)
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where vˆx = ~
−1( ∂Hˆ
∂kx
) is known as velocity operator. Expectation value of spin-
current in a given scattering state i.e. J ix(k, λ) =< kλnq | Jˆ ix | kλnq >scat is
as follows
J ix(k, λ) = J
i(0)
x (k, λ) + ~
∑
k′q′λ′
Re[Vk′λ′n´q,kλnq < J
i
x >k′λ′n´q,kλnq Pr
1
ǫkλ − ǫk′λ′
−Vk′λ′n´q ,kλnq < J ix >k′λ′n´q,kλnq iπδ(ǫkλ − ǫk′λ′)]. (39)
In which we have defined J
i(0)
x =< kλnq | Jˆ ix | kλnq >. Then the transport
spin-current in x direction with spin parallel to the x or y axes, is given by
J ix =
∑
kq,λ
Jˆ ix(k, λ)δfλ(k,q), (i = sx, sy) (40)
3. Results
In the current letter, the spin accumulation and spin-current of a two
dimensional electron gas have been obtained in the presence of the Rashba,
Dresselhaus and electron-phonon interactions. This was accomplished by
utilizing a semi-classical model developed for anisotropic systems. This
anisotropy is induced by spin-orbit couplings in the scattering matrix or in
the energy dispersion. As mentioned before, the Rashba and Dresselhaus cou-
plings cannot be responsible for generation of spin-current in non-equilibrium
regime [19, 23]. Meanwhile, non-equilibrium spin accumulation is effectively
controlled by these spin-orbit interactions [19]. Results of the present let-
ter show that the electron-phonon interaction has a considerable role in the
generation of spin-current which was expected to be obtained by spin-orbit
couplings. Spin accumulation of the system is also controlled by the strength
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of electron-phonon coupling.
In the present system, electric field was assumed to be applied along the x di-
rection and the numerical parameters have been chosen as follows ǫf = 10eV
is the Fermi energy, J = 0.1eV , ni = 10
10cm−2 is the density of impurities,
T = 1K and Vs = 4950m/s. In addition Rashba and Dresselhaus couplings
have been denoted by ǫα = mα
2/~2, ǫβ = mβ
2/~2, respectively. The Rashba
coupling can reach high values up to 0.2 eV in epitaxial graphene grown on
a Ni(111) substrate [30]. However, in the present letter, a typically lower
range has been chosen for SOC as reported for other materials.
It has been shown that the electron-phonon interaction could not be con-
sidered as an underestimating effect on spin-dependent mechanisms. It was
also demonstrated that, at low electron-phonon coupling strengths, the lat-
tice vibrations are more effective.
In Fig. 1 longitudinal and Fig. 2 transverse spin-current has been depicted as
a function of the deformation potential. Spin-current has been induced due to
the lattice-electron interactions. These figures clearly show that spin-current
of the system has a accountable value, in which its sign and magnitude could
be controlled by the SOCs. At the same time, as shown in Figs. 3 and 4,
longitudinal and transverse spin accumulations can be effectively changed by
the Rashba and Dresselhaus couplings.
Therefore these results show that when effect of electron-phonon interaction
is taken into account, in the semi-classical regime, it turns out that both
components of the spin-current could take non-zero values. It seems that
details of the scattering potential has an important role in the generation of
spin-current in the presence of the Rashba and Dresselhaus couplings. As
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reported in [19], Huang and Hu found that short-range delta function im-
purity scatterings (which actually have spherical symmetry) result in zero
spin-polarized current in the system.
An important feature which can be inferred from the results is the fact that
the absolute value of spin-current and spin accumulation decreases for high
electron-phonon couplings, as depicted in Fig. 1- Fig. 4. Spin-current in-
duced by the lattice longitudinal vibrations disappears in the limit of high de-
formation potential and rapidly increases for low electron-phonon couplings.
Unlike the spin-orbit couplings, electron-phonon interaction could change the
order of magnitude of the spin-current. However, it should be noted that nu-
merical results reveals that, in the limit of Dac → 0 spin current vanishes
abruptly, and it was a numerical discontinuity (not included in the figures)
at Dac = 0. If identical conditions are chosen from [19] i.e. when Dac = 0
and in the case of nonmagnetic impurities, J = 0, numerical results show
that spin-current identically vanishes which is in agreement with the results
that have been pointed out in [19] for identical conditions.
As mentioned before, anisotropic effects can be induced by two different
sources: the energy dispersion relation and the scattering matrix of the
anisotropic relaxations. In the current case, according to the present cal-
culations, the first source of anisotropy is small and could be neglected. For
isotropic spin-independent relaxations, the scattering matrix should be an
isotropic function, even for anisotropic eigen-state spinors. However, in the
current case of electron-phonon scatterings, it seems that redistribution of
the carriers’ population by this relaxation mechanism could change the en-
semble average of Rashba and Dresselhaus k-dependent effective magnetic
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field; i.e., in the presence of this q-dependent relaxation, where q is the
phonon wave number, δfλ(k, q) could no longer exhibit odd function proper-
ties. It should be noted that this property (δfλ(−k) = −δfλ(k)) was shown
to be responsible for zero spin current in the system [19]. Meanwhile, this
new distribution function, δfλ(k, q), can produce non-vanishing spin current
in the system since the effective field in the present case has been modi-
fied. However, increasing the electron-phonon coupling strength ultimately
decreases both spin current and spin accumulation of the system, as shown
in Fig. 1- Fig. 4. Unlike the intermediate range of deformation potential
at high electron-phonon couplings, the momentum of electrons is effectively
randomized by the electron-phonon interaction since the relaxation time of
the states decreases. Therefore in this case, population of the carriers ap-
proaches to the limit of isotropic scatterings, in which the spin current of the
system vanishes.
4. Conclusion
In this letter, a semi-classical approach have been implemented for study-
ing magnetoelectric effects of a 2DEG system. The primary focus of this let-
ter was on showing that the electron-phonon coupling has an important role
in generation of the spin-current in non-equilibrium regime since it was ver-
ified that the Rashba and Dresselhaus couplings (when the electron-phonon
coupling is absent) cannot be responsible for spin-current in this regime. It
was numerically verified that, even at low electron-phonon couplings, the
lattice vibrations can mediate in the spin-transport process, modulated by
spin-orbit interactions.
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Fig. 1: Longitudinal spin current as a function of the deformation poten-
tial for different SO couplings.
Fig. 2: Transverse spin current as a function of the deformation potential
for different SO couplings.
Fig. 3: Longitudinal spin accumulation as a function of the deformation
potential for different SO couplings.
Fig. 4: Transverse spin accumulation as a function of the deformation
potential for different SO couplings.
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